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We study linear cosmological perturbations in the "healthy extension" of Hofava-Lifshitz gravity 
which has recently been analyzed [J. We find that there are two degrees of freedom for scalar 
metric fluctuations, but that one of them decouples in the infrared limit. Also, for appropriate 
choices of the parameters defining the Lagrangian, the extra mode can be made well-behaved even 
in the ultraviolet. 
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I. INTRODUCTION 



PACS numbers: 98.80.Cq 

o": 
o 

Following Hofava's proposal of a power-counting renormalizable Lagrangian for gravity based on anisotropic 
scaling between space and time 1 , several conceptual challenges to the theory were raised (see e.g. (BH^I). One of the 
key challenges concerns the extra scalar metric degree of freedom which arises 0, [l(| [H| since there are the same 
number of variables appearing in the action, but there is le ss g auge symmetry. This extra degree of freedom appears 
when expanding about flat space-time. It has been shown jl2( that in a particular "non-projectable" version 2 of the 
theory, the extra mode is non-dynamical in linear cosmological perturbation theory about an isotropic background 
(also in the presence of spatial curvature fl3| ) . although it is expected that the mode will become dynamical when 
f**^ |' going beyond linear perturbation theory |7j. In recent work, we have shown [14| that the extra scalar gravitational 
mode survives in the "projectable" version of the theory, and that it has either ghost-like or tachyonic properties 3 . 

Fluctuations in Hofava-Lifshitz gravity beyond linear order are also plagued by a "strong coupling" problem p| 0] • 
This problem is absent in the "healthy" extension of the theory [l[ 4 5 . In recent work [l8[ it has been shown that the 
t— I ■ fluctuations about Minkowski space-time in the healthy extension of Hofava-Lifshitz (HL) gravity can be made well- 
behaved (i.e. neither ghosts nor tachyons) by appropriate choices of the parameters which enter into the Lagrangian, 
and that the extra mode does not lead to any phenomenological inconsistencies. In this note we show that similar 
conclusions hold for linear fluctuations about an isotropic cosmological background: there is a dynamical extra scalar 
^{■^ , mode, but it can be made ghost-free and non-tachyonic. In addition, it decouples in the infrared limit (a limit which 
cannot be seen when expanding about Minkowski space-time but a limit which is crucial for actual cosmological 
perturbations) 6 . 

The outline of this short paper is as follows: We first give a very brief review of HL gravity, before writing down 
the specific Lagrangian of the healthy extension (Section 2) which will be studied in the following. In Section 3 we 
define the linearized cosmological fluctuations. Sections 4 and 5 are the key ones of this work: in Section 4 we derive 
the constraint equations and use them to solve for two of the fluctuation variables. In Section 5 we then derive the 
quadratic action for the remaining two cosmological fluctuation variables, making use of the constraint equations in 



'Electronic address: cerioni@bo.infn.it, rhb@physics.mcgill.ca 

1 See e.g. 0, U for general overviews. 

2 A version in which only the terms in the Lagrangian which appear in the "projectable" version are kept, but in which the lapse function 
is allowed to depend on space and time. 

3 In pure de Sitter space it appears that this problem is absent |15|| . 

4 The version of the theory which contains all the terms in the Lagrangian consistent with the symmetries, taking into account that the 
lapse function now depends on space and time. 

5 In the far ultraviolet the strong coupling instability may reappear I 111 , but at the scale where this appears higher derivative operators 
become important and may prevent these instabilities |17|| . 

6 We are not the first to consider cosmological fluctuations in the healthy extension of HL gravity. In Il9l the evolution of super- and 
sub-Hubble curvature fluctuations was studied both analytically and numerically. The emphasis in our work is on the general properties 
of the perturbation modes rather than on the specific form of the solutions of the equations of motion. 
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the derivation. Working in Fourier space, we then analyze the coefficient matrix of the quadratic form of the kinetic 
terms in the action. This yields the conditions for the absence of ghosts. We study the infrared (IR) and ultraviolet 
(UV) limits of the expressions for the eigenvalues of the kinetic coefficient matrix. We find that in the IR limit one of 
the eigenvalues tends to zero. Since the coefficients of the mass matrix do not tend to zero in the IR limit, the previous 
result implies that the extra scalar metric degree of freedom decouples in the IR limit. We discuss the implications 
of this result in the concluding section of the paper. In the penultimate section we make contact with the Minkowski 
space-time limit. This is a followup paper to our previous work [14| to which the reader is referred for a more detailed 
introduction and description of the notation, and for more references to previous works. 



II. MODEL 



As in Einstein gravity, in the HL theory the basic variables are the metric tensor components in four dimensional 
space-time. However, instead of demanding full space-time diffeomorphism invariance, HL gravity has a reduced set 
of symmetries - only time-dependent spatial diffeomorphisms and space-independent time reparametrizations. Due 
to the reduced symmetry there is an extra scalar gravitational degree of freedom. 

It is convenient to work in terms of the ADM metric variables, i.e. the spatial metric g^ , the lapse function A 
and the shift vector A 1 (latin indices run over space components). There are two versions of HL gravity depending 
on what coordinates A is allowed to depend on. In the projectable version A is a function of time t only, in the 
non-projectable version it depends on both space and time. The "healthy" extension studied in [l[ is the version of the 
non-projectable model in which all terms consistent with the residual symmetries are kept, not only those appearing 
in the Lagrangian of the projectable version. 

The action for HL gravity is based on demanding power-counting renormalizability under anisotropic scaling between 
space and time. We write the action for the healthy extension of HL gravity in the following form (merging the 
notations of [20|, and [l9j|): 

S = x 2 J dtd 3 xN^ (C K -C v -C e + X ~ 2 Cm) (2.1) 

where g = det(gij) and \ 2 = l/(167rG). The first two terms in the Lagrangian are present in the initial version of the 
HL model. They are the kinetic and potential Lagrangians, respectively. The final term is the matter Lagrangian. 
The third term is the new term specific to the healthy extension [l[ of HL gravity. The four terms are given by 

C K = K l0 K lJ - XK 2 (2.2a) 

C v = 2A - R + -^(g 2 R 2 + '/,/.•,,/>" '; + ^ (,g 4 i? 3 + .'/.-, ////,,/.*" + g 6 R)Ri R?) + (2.2b) 

+ ^ [g 7 RV 2 R + gaiViRjkXy'R*)] 
X 



C E = --gdid 1 + \ (r] 2 a J Aa i + rfcRVid 1 ) + (t^AV + ^ARVid 1 + T) 6 R 2 V i a i ) + ... (2.2c) 

X X 



= ^72 (<P- N l V llf ) 2 - V(g l3 ,V n ,cp) (2.2d) 



2A 2 

where Kij is the extrinsic curvature tensor of the constant time hypersurfaces, A is the cosmological constant 

_ d t N 

a > = IT' 



(2.3) 



and where for simplicity we have taken matter to be a single scalar field (p. The constants 77,772,^3,^4, 775 and t]q 
are the parameters that characterize the specific healthy extension 7 . Note that the constant A equals 1 in General 
Relativity. In HL gravity, A is expected to flow to 1 in the IR limit. 

For consistency, the matter potential energy should also contain all terms compatible with the anisotropic scaling 
symmetry and power-counting renormalizability. Thus [22j 

V = V (<p) + Vi(<p)V + Vi{y)V\ + V 3 (<p)Vf + V^p)Vi + V 5 (<p)V V 2 + V 6 (ip)ViV 2 , (2.4) 



7 We have not written down the full list of extra terms (see pj for this list). However, the terms we have omitted all vanish to quadratic 
order when expanding about a homogeneous and spatially flat cosmological background. 
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where 

V Q = (V<^) 2 , V t = AV, A = ^ViVj . (2.5) 

Note that the only term which may receive contributions from the second order in the case of a curved background 
space-time are RSJia 1 and R 2 Vi<i l . Note also that in Ref. [l^| the 77 coefficients are divided by powers of Mp\ instead 
of powers of x- 

III. PERTURBATIONS 

The scalar metric perturbations can be written as follows (see e.g. [23] for an extensive review article on cosmological 
fluctuations, and [20L l2ll l24j for some other applications of the theory of cosmological perturbations to HL gravity.): 

5N(t,x k ) = v{t,x k ) (3.1a) 
6Ni(t,x k ) = diB(t,x k ) (3.1b) 
S gij (t,x k ) = a 2 {t) [-2^(t,x fe )% +2E{t,x% j \ (3.1c) 

where the subscript u denotes the covariant derivative. Correspondingly, also matter fluctuations must be taken into 
account: 

<p{t t x k ) = <po{t) + 5<p{t,x k ) (3.2) 
We can use the freedom under spatial diffeomorphisms to set 

E = Q. (3.3) 
Note that in Ref. [19j the authors use the variable f3 = B/o? instead of B. 

IV. CONSTRAINTS 

The constraint equations are important since they allow us to reduce the number of independent dynamical degrees 
of freedom. We discuss the Hamiltonian and momentum constraints in turn. 

A. Hamiltonian constraint 

The Hamiltonian constraint in the healthy extension of HL gravity takes the form 

C K + (C V+ C E ) + N 5 -^±M = ^ (4.1) 



where 



Note that the term 



2 ^w +£m )- (4 - 2) 



N ^Y+M = N S -£f = W ta * - ^AV.a* + ^AR - ^A 2 V^ + ^|A 2 i? + ^AR 2 + ... (4.3) 
oN oN x X X X X 

is absent in the "unhealthy" HL gravity. Expanding the Hamiltonian constraint to first order we obtain the following: 

SpM , 



3H(3X-l)0ip + Hu) + (3X-l)HAB-2Ai;-, 

%X 

-I- -qAv -A v + 2— A ip jA J v + 2— A°V+ 

X X X X 

+ A ( % + z-A) a- - 4 ( 1 - 4a - J ^ 

a 2 - \ x a X J a \ a a J 

+ 6^(r? 5 + 4m + 2g 7 )^ + 2% U\ + 36^ + 4ft + 18^ + 12^ 2 ) Ar = (. . 
a 2 x a V X a X a X a 



2 x (4.4) 
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where JC is the spatial curvature constant ' 

Pi 

and 



73. > P2 = —a 



5p M = VoStp - v<p% + Vo ttp ((po)Sip + V i (ip )^ 2 Sif ■ 



(4.5) 



(4.6) 



Note that the coupling constants 77 newly introduced in the healthy extension of HL gravity multiply higher order 
derivatives of the gravitational degrees of freedom, even in the case of a spatially flat background. 



B. Momentum constraint 



To first order the momentum constraint in the healthy extension of HL gravity takes the form 



where 



(A - 1 )AB + 1--JA - I ) ( ' ' - ///')- J 5 _ Y* qM 



= 0. 



(4.7) 



(4.8) 



C. Solving the constraints in a spatially flat background 



Now we specialize to the case of a spatially flat background. Based on the lessons which can be drawn by comparing 
cosmological perturbation theory in the regular non-projectable version of HL gravity in the cases with [l3| and without 
spatial curvature, we do not expect any differences with respect to the number and general properties of dynamical 
degrees of freedom. 

In analogy of what is done in the theory of cosmological perturbations in the regular non-projectable version of 
HL gravity [I4I, we will use the constraints to solve for two of the metric degrees of freedom, namely v and B. The 
expressions for v and B can be obtained by combining the two constraint equations. It is instructive to express the 
results in terms of the physical momentum k = k/a. The results can be written in a compact form if we introduce 
the notation 



k 2 k 4 
fi(k) = -V + V2—+V4 — 

X 2 X 4 



(4.9) 



k 2 k 4 
f 2 (k) = -1 + V3—+V5 — 

X 2 X 



(4.10) 



and 



d(k) = 4(3A- l)H 2 + (A - 1) 



^ + 2h(k)k 2 



(4.11) 



We recall that in the presence of spatial curvature HL gravity can lead to a non-singular bouncing cosmology [25] which is an interesting 
property of the theory from the point of view of cosmology. 
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We then obtain 



d(k)B k (t)=-(3\-l) 



>, , . 2/i (k) 

X K 



^(i)-(3A-l)^fej^(*) 



4(3A - l)f 2 (k)HMt) - U3A - l)[Vo l¥ ,^o) + Vi(vo)*V+ 



3(3A-l)^ 2 -^-^/ l( fc)pl^ 



2x 2 



J x 2 ^ 2 



(4.12) 



d(/c) i*(t) =(A - l)^|^ fe (t) - 4(3A - l)fT0k(f)+ 
X 

+ {(3A - l)0o£T + (A — 1) [Vb.pCw)) + V 4 (<p a )k 4 ] } 
+ 4(A-l)/a(fc)fcV*(*)- 



5ip k (t) 



Given the form of the common denominator (|4.11[) . the solutions for B k (t) and v k {t) are regular in the limit A — > 1 
whenever H 7^ 0. 

In order to better understand how to interpret the low-momentum and the high-momentum limits, it is useful to 
rewrite the coefficient function d(k) of Eq. (14. lip as follows (valid for H 7^ and A 7^ 1/3): 



d{k) = 4(3A - 1)H 2 



A - 1 



A - 1 



2(3A-l)x 2 ff 2 2(3A-1) 



k 2 k 4 
X X 



H 2 



(4.13) 



From this form of the expression, we see that the value of k = k/a which separates the low momentum from the 
high momentum region is the Hubble momentum H . This is not surprising since we expect fluctuations to behave 
differently for wavelengths larger and smaller than the Hubble radius. Note that in the short wavelength region 
k > aH, the next-to- leading order terms in the expression for d(k) are controlled by the ratio k/x ( as l° n g as H < x 
which will hold in the region of validity of the effective field theory) . 
In the long wavelength (IR) limit, the expression for d(k) becomes 



d(k) 



4(3A-l)ff 2 + (A-l)^ 2 / X 2 
3A-l y 2 | 4 T/ (^q) | 8 
3 



(4.14) 



A. 



X 



x- 



We see that the sign of the first term changes when A crosses the critical value A — 1/3. In the IR limit the first 
term dominates and hence d(k) is positive. More generally, sufficient conditions for positivity of d(k) are A > 1/3, 
V (ipo) > and A > 0. 

In the short wavelength (UV) limit, the expression for d(k) becomes 



d(k) 

which changes sign as A crosses the value A = 1. 



2(A-l)/ 1 (fc)fc 2 



(4.15) 



V. SECOND ORDER ACTION 



A. The action 



We are now ready to discuss the second order action for cosmological fluctuations. We insert the metric ansatz 
including fluctuations into the full action, make use of the constraint equations to eliminate the variables v and B, 
and expand. Working in Fourier space, after a lot of algebra the terms in the total action which are second order in 
the perturbation variables are 



d 3 k [ • 2 • • • 

faS^' = x 2 I dtj^^a 3 <c v 5ip k + c^l + c< pi pip k 5(p k + f v 5(p k 5tp k + f^ip k ip k + 



(5.1) 



We first focus on the coefficients of the kinetic terms since they will tell us how many dynamical degrees of freedom 
survive and whether there are ghosts. These coefficients are given by 

d(k)c v = 2(3A-l)^ + (A-l)/i(fc)4 (5-2) 
X X 



d(k)c^ = 2(3A - 1) 



4 + 2 A(^ 2 
X 



(5.3) 



d(k)c^ = 4(3A-1)^. (5.4) 

X 

We will discuss these terms below. First, we give the expressions for the coefficients of the terms involving one time 
derivative of a dynamical variable. They are 

d(k) U = -(3A - 1)^ - (A - 1) [V , v (<po) + V4(^o)fc 4 ] ^ (5.5) 
X X 

d{k)U = -24(3A-f)ffA + 12(3A-l) 2 ff 3 

_ 6A(3A _ _ 12(3A _ 1} M£o)H 

X 2 X 2 



d(k)f^ = 6(A-1)^-3(3A-1)(3A + 1)^-|(A-1)§ 
X X z X 



+3 (A - 1)^0)^0 _ 2(A _ 1} [3/i(£) + top (5 ?) 

X X 

d(ife)/^ = 4(3A-1)^#^-(3A-1)4 + 

X 2 X 

-2(3A - l)A(fc)^P + 4(3A - l)M^£l£fc4 (g 8) 

X X 

Finally, we also give the expressions for the coefficients of the mass matrix. They are 

d(k) ml = 2(3A - l) + |(3A - 1)^! + ( 3A - + I( A - 1) + 



x" ^ r* z x" 

i (A _ x) « _M_ | 4( 3A - i)^! - (A - 



+ i [/!(fc) + 2(A - 1)] + |4(3A - 1) [l^fao) + ^fao)] # 2 - 2(A - + 

+ (3A - + (A _ 1)[W „ o) + W ]f }^ + 

+ |4(3A - l)V 6 (w)H 2 x 2 + 2(A - l)/i(fc)[y 2 (p ) + W<A))]x 2 + (A - j|j + 

+ |4(A - l)/ 1 (fc)T/ 6 (^ )x 4 + i(A - l)^o) 2 X 2 }^ (5.9) 

d{k) ml, = 9 -(3X- l) 2 ^f + 3 (3A _ l)( 3A - 7) ^)^ _ | (3A - 1) + 2V fo)] ^ + 



3 

2^o + Vb^o) 



_ 3( 3A - 1) ^ - 3(A - i)lM|o)A 
X 4 X 2 X 



+ 1 2(3A - l)/ a (*)^ - ( A - 1)[3A(*) ~ 2f 2 {k)]^M \p - 1 3 M^A + 
| X X I I X 



-f(3A - + 3 [ -2 + Wo{(po) ] V^o j (A _ + 2(A _ 1)/2mM | 

^ A ^ A A 



d(k)ml = 3A 



4(3A-l)tf 2 + (A-l)4 1 

X 



-(13A-ll)$j-6V ((Po) 



tt2 

(3A-1)^V + 

X 



M , 3 



78(3A - l)^ 4 - -(A - l)ra + (A - l)y (^)^ + 6[A(fc) - 4/ 2 (A:)]A 



^0 



-3(3A - l)[13/i(fc) - l2f 2 (k)]H" - ~[3/i(fc) + 12/ 2 (fc) - 4]^ + 



-3[h(k) - 4/ 2 (fc)] 



• (A - 1)P + <U(A - l)[A(fc) + 2f 2 (k) 2 } + 



+8(3A - 1)(8. 92 + 3.93)^ + 2(A - l)(8.g 2 + 3 ff3 )^| U 4 + i 4(A - l)/i(fc)(8. 92 + 3 53 ) + 



H 2 w 2 I fc 6 - fc 8 

+8(3A - l)(8g 7 - 3 ff8 )— + 2(A - l)(8.g 7 - 3 5s )^f — + 4(A - l)/i(fc)(8 57 - 3 58 ) — 

X X X X 



(5.11) 



Note that the coefficients of the mass matrix remain finite in the limit k — > 0. 



B. Observations 

Recall that in the case of the original non-projectable version of HL gravity, only one of the two metric degrees of 
freedom was dynamical [l2|]. Will this also be the case here? Note that, on setting k — 0, the kinetic part of the 
Lagrangian becomes 



• 2 • • • f H ■ 

c v 5ip k + c^l + c v4 ,ip k $<p k °c —S<Pk + iPk 

V^o 



(5.12) 



This suggests that the introduction of the Sasaki-Mukhanov variable £ defined as |26l . |27| 

— £ = ib + — Sip 

may reduce to one the actual number of dynamical degrees of freedom. 

In terms of £ and ip, the kinetic part of the Lagrangian is a quadratic form with coefficients 



(5.13) 



d(k) 
d(k) 



2(3A-l) + (A-l)/ 1 (fc)| 5 



00 



4(3A-1) + (A-1) 



00 

X 2 H 2 



h{k)k 2 



d(k)c CiJ = 2(A-1) 



0^ 
X 2 H 2 



h(k)k 2 



(5.14) 
(5.15) 
(5.16) 



Observe that and tend to zero as k — > 0, whereas is non-trivial as long as the matter field is present. 
However, we see how the presence of the term f\{k)^Q- which is present only in the healthy extension of HL gravity 
- alters the findings of Ref. [l^: Both metric degrees of freedom survive as dynamical variables. 

To exclude the possibility that there is a single dynamical metric fluctuation variable (which would by the above 
analysis have to be different from £), we need to find the eigenvalues of the coefficient matrix of the kinetic part of 
the Lagrangian. Returning to the original variables tp and ip, we consider the kinetic matrix 9 



v 2„ 

X °y 2 
2 H> 



(5.17) 



We have multiplied the c's by proper powers of \ in order to make the matrix dimensionally homogeneous. Such a rescaling is equivalent 
to considering Sip^/x an d ip as the two dynamical variables. 



s 



which has the following eigenvalues: 



, rj2\ , 13A-5 - - J2 



d{k)c ia = (3A- 1) ( ^ + H 2 ) 



±\/(8A- ii J (^l+^ 2 ) +(HA-3)(3A-l)^- J ff2^ /l (fc)fc2 + ^H A _^^ /l( fc)2fc4 



(5.18) 



It is easy to see that for /i(fc) = one eigenvalue is exactly zero. However, in the healthy extension of HL gravity 
both eigenvalues are non-vanishing and hence both degrees of freedom are dynamical. This sounds like bad news 
for the model. However, we shall now show that in the infrared limit one of the modes decouples (its mass tends to 
infinity) . 

First, however, let us consider under which conditions the linear cosmological perturbations are ghost-free. We first 
realize that if 



1 



d(k) 



<P0 , rj2\ , 13A-5 T - 2 



(3A-1)(^ + ^) — —./,(/■• i/.- 



< 0, (5.19) 



then we will for sure have one negative eigenvalue, i.e. the extra dynamical degree of freedom will be ghost-like. In the 
opposite case, in which the expression on the left-hand side of Eq. (|5.19|) is positive, one needs to look more carefully 
at the expressions. We rewrite c\ ; 2 as 

ci, 2 = A± y/B (5.20) 
and then need to check whether A 2 — B is positive or negative in the case A > 0. The difference is 

A 2 -B = 2(3A-l)£ffip. (5.21) 

In the IR limit, fi(k) tends to —77, and thus the condition for ghost freeness is simply 

r\ < 0. (5.22) 

For larger values of k is not so easy to estimate the sign of the difference in (|5.21[) . since we are dealing with several 
parameters - A, 77, 772 , T74 - which can have arbitrary signs in the most general case. The same difficulty arises when 
wishing to determine the region in parameter space where Eq. (|5.19p is satisfied. 

In the following we will assume that the inequality in Eq. ([5. 19ft is reversed, and 77 < so that the theory is 
ghost-free in the infrared. First let us consider the IR limit of the expressions for the eigenvalues c± t 2. We have 10 

ci * \, (5.23) 
c 2 ~ -V{^) 2 - (5.24) 

Note that the eigenvalue of the extra degree of freedom goes to zero in the IR limit. From the expressions for the 
mass matrix coefficients we see that they do not tend to zero in the IR limit. Hence, if we re-scale the new scalar 
gravitational degree of freedom such that it has canonical kinetic normalization in the IR, we see that the effective 
mass of this degree of freedom will diverge as H/k. Thus, we see that the extra scalar degree of freedom in the 
healthy extension of HL gravity decouples in the IR limit. Hence, at late times, it will not contribute to cosmological 
perturbations on scales relevant to current cosmological observations. This also explains the results of [19j who find 
that the cosmological fluctuations in the healthy extension of HL gravity agree quite well with those in Einstein gravity 
11 . On UV scales, however, the extra scalar gravitational mode will play a role. This may effect the early evolution of 



We use the approximation H 2 ^> ^q/x 2 which is justified since the right hand side is one several positive terms which appear in the 
expression for H 2 . 

1 There is a potential worry: in terms of the re-scaled variable, it appears that the theory could be strongly coupled since the coefficients 
of the interaction terms will diverge more strongly than the mass (we thank Omid Saremi for raising this concern). This issue deserves 
further study. We believe, however, that there should be no problem since in terms of the original variables the interaction terms are 
Planck-suppressed. 
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fluctuations in inflationary cosmology on sub-Hubble scales and hence be relevant to the "trans-Planckian" problem 
[28| of the inflationary universe scenario. 
In the UV limit we have 

d(k) ~ 2(A - , (5.25) 

and from this we can easily show that the eigenvalues are 

Cl ~ ~, (5.26) 
3A - 1 , 

c 2 =s 2 j—±- (5 ' 27) 

which is negative for all values of A between 1/3 and 1 . In this range of values of A the extra scalar degree of freedom 
will be a ghost. 

The transition scale between the IR and UV is, as expected, at k = H . Thus, for applications to cosmology the 
theory should be ghost-free both in the IR and UV. Hence, we see that the requirements for a "good" behavior of the 
extra degree of freedom are r\ < and A > 1. Note that the limit A — > 1 is smooth as long as H 7^ 0. 



VI. MINKOWSKI LIMIT 



Let us finally discuss the Minkowski limit of our analysis which is obtained if we drop the matter contribution to 
the action. In this case, we only have one dynamical degree of freedom for scalar metric fluctuations, namely We 
can observe that m 2 ^ = in the absence of matter and of the cosmological constant. 

The constraint equations can easily be solved and yield: 



and 



Q \ _ 1 



Inserting these expressions into the action for fluctuations and dropping the matter terms gives us 



(6.1) 



(6.2) 



S 2 S^ = 2 X 2 



dt 



d 3 k [ 3A - 1 



A- 1 



1 



(2tt)3 ^ 

In the IR limit, the equation of motion becomes 

3A- 1 



, / 2 (fc) 2 
J M'k) 



k 4 

92 + 3g 3 )-r 



A- 1 



r V* = . 



fc 6 

(8g 7 - 3g 8 ) — 
X 



(6.3) 



(6.4) 



We can make the following observations. First, there is ghost instability for 1/3 < A < 1. Secondly, there is a classical 
instability unless < 77 < 2. These conclusions are in perfect agreement with those of [19]. 



VII. DISCUSSION AND CONCLUSIONS 

We have studied cosmological perturbations in the "healthy" extension of HL gravity proposed in [l|, assuming the 
simplest form of matter, namely a scalar matter field. Starting from the second order action for the fluctuations, we 
studied the general properties of the scalar modes. We find that there are two dynamical degrees of freedom, unlike in 
Einstein gravity and unlike what happens in the non-projectable version of the original HL model (l2l |. We identified 
the conditions under which the extra degree of freedom in well behaved (i.e. not a ghost). In the infrared (IR) limit, 
the condition is 77 < 0, where 77 is one of the constant coefficients defining the extension of the Lagrangian. In the 
ultraviolet regime the condition is A > 1 or A < 1/3. For the theory to be healthy overall, both the condition on A 
and that on rj have to be satisfied. 

Our second main result is that in the IR limit, the mass of the canonically normalized extra scalar gravitational 
degree of freedom tends to infinity. Thus, the extra mode decouples from low energy physics. Hence, when applied to 
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cosmology, we find that the extra gravitational degree of freedom is harmless for late-time cosmological perturbations. 
It may, however, have interesting consequences for early universe cosmology. 

We note that another "healthy" extension of HL gravity has recently been proposed [29]. In that model, the 
Lagrangian is constructed so that there is no extra scalar gravitational mode. It would be interesting to study 
cosmological fluctuations in that model, as well. 
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